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We revisit the thermodynamic aspects of the scalar-tensor theory of gravity in the Jordan and in
the Einstein frame. Examining the missing links of this theory carefully, we establish the thermody-
namic descriptions from the conserved currents and potentials by following both the Noether and the
Abbott-Deser-Tekin (ADT) formalism. With the help of conserved Noether current and potential,
we define the thermodynamic quantities, which we show to be conformally invariant. Moreover,
the defined quantities are shown to fit nicely in the laws of (the first and the second) black hole
thermodynamics formulated by the Wald’s method. We stretch the study of the conformal equiva-
lence of the physical quantities in these two frames by following the ADT formalism. Our further
study reveals that there is a connection between the ADT and the Noether conserved quantities,
which signifies that the ADT approach provide the equivalent thermodynamic description in the
two frames as obtained in Noether prescription. Our whole analysis is very general as the conserved
Noether and ADT currents and potentials are formulated off-shell and the analysis is exempted
from any prior assumption or boundary condition.
PACS numbers:
I. INTRODUCTION
To date the predictions of General Relativity (GR), as
proposed by Einstein, are successfully verified by several
experiments with enormous degree of precision. The dis-
covery of gravitational wave in the year of 2016 [1] has
added another feather to the crown. Despite of the big
success of this theory, several recent experiments [2–4] re-
veal that the Einstein’s General Relativity is not a com-
plete theory. In order to address the limitations of GR,
several modified theories of gravity are proposed which
has been the subjects of ardent research works for past
few decades. Each of these modified GR theories have
their own significance and provides distinct motivation to
analyse them critically. Among various modified theories
of gravity, the scalar-tensor theory is the most popular
one for many reasons [5–10]. This modified theory can be
analysed with respect to the two frames, one is known as
Jordan frame where the conventional Lagrangian of GR
gets modified with the inclusion of the scalar field φ. As
a result, in the modified action, the Ricci scalar gets min-
imally coupled with the scalar field. This non-minimal
coupling can be removed by the conformal transforma-
tion of the metric tensor along with the re-scaling of the
scalar field and, by the virtue of these transformations,
one arrives to the another frame, known as the Einstein
frame.
There are lot of arguments on the fact that which of
these two frames can be considered as more physical one
[11, 12] (also see the reviews [13, 14] to get more insights).
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There is another controversial aspect of this theory which
states whether the conformal equivalence of the action in
the two frames is merely a mathematical equivalence or
this equivalence is also reflected in the dynamical [15–18]
and the underlying thermodynamic aspects as well [19–
23] (also see the recent papers [24–28], which discusses
on the equivalence of the two frames in the quantum
level). There are a few unsolved issues such as, what are
the explicit covariant expressions of the physical quan-
tities (energy, entropy, temperature) and how they are
connected in the two frames. Although, the expression
of the entropy and the temperature is widely accepted
[20, 21] to some extent but, there is a controversy in
the expression of the energy which can be used for the
thermodynamic description in this theory. Most of the
existing expressions of energy (or mass) as described in
literature are not conformally invariant [29–31], whereas,
the expressions of the entropy and the temperature are
conformally invariant. This makes the physicists more
puzzled as none of the existing energy, so far, can be used
together with entropy and temperature for the thermo-
dynamic description. In this regard, the question, which
remains unsolved for a long time is what is the thermo-
dynamic approach to define the mass (or energy). Thus,
in order to resolve these issues, more investigation is re-
quired to provide satisfactory answers to these questions.
In our previous work [32], we have systematically de-
veloped the arguments to prove that all the thermody-
namic quantities (For example: energy, entropy, temper-
ature) must be equivalent in the two frames, without tak-
ing any prior assumption but, we could not formulate the
exact covariant expression of the thermodynamic quan-
tities using the method which we have followed in [32].
It is well-known that the conserved currents in a the-
ory play an important role to understand the thermody-
namic aspects of the corresponding theory. Therefore, in
2this work, we formulate the thermodynamic descriptions
using the conserved quantities following the two differ-
ent methods. One is the Noether prescription of defining
the conserved currents and the potentials due to the dif-
feomorphism and, the other one is the ADT method of
defining conserved currents in the presence of a Killing
vector. In both the cases, the conserved quantities will
be obtained off-shell. Therefore, the expressions of the
currents and potentials are also applicable for a generic
null-surface as well, which are not derived using the equa-
tions of motion. Therefore, from the viewpoint of the
emergent gravity paradigm, our analysis play a signifi-
cant role. Using the obtained conserved quantities, we
shall define the covariant expressions of all the thermo-
dynamic quantities, which will be shown to fit nicely in
the (first and second) laws of black hole thermodynamics.
Subsequently, we show that the thermodynamic quanti-
ties are exactly conformally invariant without using any
prior assumptions or boundary conditions. Similar con-
clusion has also been made in the context of cosmological
aspects of this theory where several physical quantities
have been defined in an invariant way [33–35].
Moreover, we obtain that the conserved currents in
these two approaches (Noether and ADT) are connected
to each other and we shall show the explicit connection
between them. In addition, the ADT potentials in two
frames are shown to be related with each other in the sim-
ilar fashion like the Noether counter parts, establishing
the equivalence of thermodynamic quantities, defined by
the ADT potentials. Thus, our work, provides a robust
method to formulate the off-shell conserved quantities in
two different approaches and resolves the ambiguities in
the thermodynamic descriptions in the scalar-tensor the-
ory which prevailed for the last few decades.
The paper will be organized as follows. In the follow-
ing section, we provide a brief description of the scalar-
tensor theory from the action level. In the next section,
we formulate the off-shell method of defining the con-
served Noether current and potential in the two frames
due to the diffeomorphism. In the later section, we shall
define the thermodynamic quantities in these two frames
and prove the first law of BH thermodynamics in each
frame following the Iyer-Wald formalism [36]. Then, we
establish the conformal invariance of defined thermody-
namic quantities in the two frames and subsequently the
entropy increasing theorem (the second law) is also estab-
lished. Then, in sec.(V), we focus on another approach
called off-shell ADT formalism in the two frames of the
scalar-tensor theory and obtain the corresponding ther-
modynamic descriptions. We shall conclude our analysis
highlighting the major outcomes and its implications in
sec.(VII).
II. ACTION IN JORDAN AND EINSTEIN
FRAMES: IN A NUTSHELL
Let us start describing the scalar-tensor theory from
the rudimentary level, i.e., from the action level. The
action of the scalar-tensor theory in the Jordan frame is
given as
A =
∫
d4x
√−gL =
∫
d4x
√−g 1
16pi
(
φR
−ω(φ)
φ
gab∇aφ∇bφ− V (φ)
)
. (1)
In this frame the scalar field φ, is non-minimally coupled
with the Ricci-scalar and the Brans-Dicke parameter ω,
which is a generalized function of the scalar field φ. Here,
we consider only the gravitational action for our further
analysis. We mention that in our analysis, the presence
of the external matter fields does not play any significant
role in order to obtain the relations among the thermody-
namic quantities in these two frames in the background
of a scalar-tensor theory,
Earlier works suggest that the non-minimal coupling
of the scalar field with the Ricci-scalar can be eradicated
with the help of the conformal transformation which is
given as,
gab → g˜ab = Ω2gab, Ω =
√
φ , (2)
with the re-scaling of the scalar field
φ→ φ˜ with dφ˜ =
√
2ω + 3
16pi
dφ
φ
. (3)
In several literature it is mentioned that by the virtue of
the above two simultaneous transformations (2) and (3),
one arrives to the Einstein frame and the action in this
frame can be written as,
A˜ =
∫
d4x
√
−g˜L˜
=
∫
d4x
√
−g˜[ R˜
16pi
− 1
2
g˜ab∇˜aφ˜∇˜bφ˜− U(φ˜)] , (4)
where U(φ˜) = V (φ)16piφ2 . But, in our earlier work [32] we
have investigated the exact relation of the Lagrangians
in these two frames due to the conformal transformation
and obtain,
√
−g˜L˜ = √−gL− 3
16pi
√−gφ . (5)
Let us now discuss about the last term of the above
equation, which we shall see later plays an important
role in our main analysis. Note that this term is a total
derivative term and contains second order time deriva-
tive of φ. Therefore it creates issues in obtaining the
equation of motion for the following reasons. Being a
second order derivative term, one needs to fix simultane-
ously the field and its canonical momentum at the two
3end points in the least action formalism. Classically, if
we fix arbitrarily both the parameters φ as well as the
first order derivative of φ at the two boundary points,
there may not exist a classical solution for the field φ
consistent with the boundary conditions. Moreover, in
general, we prefer that the action principle must obey
the composition rule. This implies that, at the inter-
mediate point, the first order derivative of φ has to be
continuous but not necessarily to be a smooth function.
It infers that the first order derivative of φ remains arbi-
trary (for instance, see a detailed discussion in page 241
of [37]). Thus, in the classical regime, fixing both φ and
its first order derivative simultaneously at the boundary
is not admissible. Moreover, this prescription stems fur-
ther problem in quantizing the theory as the simultane-
ous application of these two boundary conditions, indeed
contradicts the uncertainty principle. It may be pointed
out that this problem, however, is not new in the context
of the general relativity (GR) as the same happens in case
of the variations of Einstein-Hilbert action with respect
to gab to obtain Einstein’s equations of motion. Two
ways are usually being adopted to resolve such situation.
One needs to either discard this total derivative term or
add a judiciously chosen boundary term which cancels
the unwanted terms, appearing in the variation of the
original action. For example, in GR, the popular bound-
ary term is the Gibbons-Hawking-York (GHY) boundary
term. The similar can be done in the present situation as
well. Addition of a precise GHY like boundary term in
this case has also been adopted in this theory (for a dis-
cussion, see [32]). But remember that such a choice is not
unique as there may exist other term which also serves
the same purpose (for GR case, see [38]). On the other
hand, following the other argument, the boundary term
(the last term of Eq. (5)) has usually been disregarded
in the literature.
The prescription of neglecting the total derivative term
at the level of finding equation of motion may be per-
missible; but such a term can be important in defining
various physical quantities of the theory. Observe that
the actions in two frames are same if one does not dis-
card the last term of Eq. (5). Thus, discarding of it
influences an in-built inequivalence between these La-
grangians which can yield several deeper inequivalence
even at the classical level (see [32] for this particular is-
sue). Therefore, we keep this term for our analysis. In
this paper our motivation is to find the thermodynamic
quantities in the two frames and establish a connection
between them. It may be worthwhile to point out that
a boundary term can contribute to thermodynamical de-
scription of gravity. Therefore, in terms of finding ther-
modynamic quantities and their relations in these two
frames, surface terms in the action may play a very im-
portant role. Hence for a robust study of the thermo-
dynamic description of the scalar-tensor theory, now on-
ward we perform our further analysis by considering the
most general form of Lagrangian of the following form:
L′ = L− (3/16pi)φ . (6)
Our analysis is in the same line of Noether prescription
by Wald in GR case [36]. In this discussion one considers
the diffeomorphism invariant action as
√−gR without
dropping or adding a boundary term in it to define ther-
modynamics. Adopting the same spirit, we also do not
discard or include anything in the theory. We shall find
that the thermodynamic quantities are well defined and
equivalent in two frames which was usually sporadically
stated in earlier analysis, thereby establishing the impor-
tance of retaining the boundary term.
III. CONSERVED QUANTITIES IN NOETHER
PRESCRIPTION: OFF-SHELL CONDITION
In this section, we shall obtain the Noether current
and the Noether potential due to the diffeomorphism in-
variance of the Lagrangian. We start with the analysis in
Jordan frame followed by Einstein frame in the later part
and we emphasize on the point that our approach is very
general in nature where we perform our mathematical
analysis under the off-shell condition.
A. Jordan frame quantities
The arbitrary variation of the action with the La-
grangian L′ in the Jordan frame yields
δ(
√−gL′) = √−gEabδgab +
√−gE(φ)δφ
+
√−g∇aΘ′a(q, δq) , (7)
where q ∈ {gab, φ}. Eab = 0 and E(φ) = 0, provide the
equations of motion for the metric tensor gab and the
scalar field φ respectively and Θ′a(q, δq) is the boundary
term. As we look for the off-shell Noether and ADT
currents, we nowhere use the equations of motion while
obtaining those quantities. The exact expressions of Eab,
E(φ) and Θ
′a(q, δq) are given by,
Eab =
1
16pi
[φGab +
ω
2φ
∇iφ∇iφgab − ω
φ
∇aφ∇bφ
+
V
2
gab −∇a∇bφ+∇i∇iφgab] ;
E(φ) =
1
16pi
[R+
1
φ
dω
dφ
∇iφ∇iφ+ 2ω
φ
φ− dV
dφ
− ω
φ2
∇aφ∇aφ] ;
and
Θ′a(q, δq) = Θa(q, δq)− 1
16pi
{3
2
gijδgij∂
aφ
−3gia∂bφδgib + 3∂a(δφ)
}
, (8)
4where,
Θa(q, δq) =
1
16pi
[−2gabω
φ
(∇bφ)δφ+φδva−2(∇bφ)piabdδgid] .
(9)
Here, Gab = Rab − 12gabR is the Einstein tensor and
δva = 2pibad∇bδgid ;
piabd = ∂R/∂Riabd = (1/2)[g
ibgad − gidgab] . (10)
The terms within the curly brackets in the expression of
Θ′a(q, δq) in (8), are originated from the variation of the
φ term in L′. People usually do not take the contri-
bution from these extra terms but, we show later, these
extra terms in Θ′a(q, δq) play crucial role in the confor-
mal invariance of the thermodynamic quantities in the
two frames.
It is well known that in Einstein’s gravity, one can
define the conserved off-shell Noether current due to the
fact that the covariant derivative of the Einstein tensor
vanishes (see the project 8.1 of [37]). In the scalar-tensor
theory, we are able to find out a similar identity, which
helps us to formulate the off-shell Noether current.
From the Eq. (8), we calculate ∇bEab, which is given
as
∇bEab = Gab(∇bφ)− 1
2φ
dω
dφ
(∇aφ)(∇bφ)(∇bφ)
−ω
φ
(∇aφ)φ+ 1
2
dV
dφ
(∇aφ)−∇b∇a∇bφ+∇a∇b∇bφ .
(11)
Using ∇b∇a∇bφ − ∇a∇b∇bφ = Rab∇bφ in the above
equation (11) and using the expression of Eφ from (8),
one finally obtains,
∇bEab = −1
2
(∇aφ)E(φ) . (12)
The above relation shows the explicit connection between
Eab and E(φ) which is not intuitively expected by looking
into the first two equations of eq.(8). This relation in
turn helps us to find out the explicit value of the off-shell
Noether current and potential in the Jordan frame.
Due to the diffeomorphism xa → xa + ξa, the off-shell
change in the Lagrangian is given from (7) as,
£ξ(
√−gL′) = −2√−gEab∇aξb +
√−gE(φ)ξa∇aφ
+
√−g∇aΘ′a(q,£ξq) , (13)
where £ξ denotes the Lie variation. The LHS of the Eq.
(13) gives
£ξ(
√−gL′) = L′£ξ(
√−g) +√−g£ξL′)
=
√−gL′∇aξa +
√−gξa∇aL′ =
√−g∇a(L′ξa) . (14)
The contribution from the RHS of (13) can be written
as,
−2√−g∇a(Eabξb) + 2
√−gξb∇aEab
+
√−gE(φ)ξa∇aφ+
√−g∇aΘ′a(q,£ξq) .
Using the relation of (12) in the above expression, the
whole expression reduces to a total derivative term which
is given as,
√−g∇a[−2Eabξb +Θ′a(q,£ξq)].
Thus, finally (13) gives,
∇a[L′ξa + 2Eabξb −Θ′a(q,£ξq)] = 0 . (15)
Therefore, one can identify the term within the square
bracket as a conserved quantity which is nothing but the
Noether current due to the diffeomorphism. We denote
it by J ′a, where,
J ′a = L′ξa + 2Eabξb −Θ′a(q,£ξq) . (16)
The above expression of J ′a can be further expressed
as J ′a = ∇bJ ′ab, where the anti-symmetric (off-shell)
Noether potential is given as (see the appendix A for
detail discussion)
J ′ab =
1
16pi
[∇a(φξb)−∇b(φξa)] . (17)
These quantities play an important role in the study of
black hole thermodynamics which we shall derive by fol-
lowing the Iyer-Wald formalism in the subsequent sec-
tion.
For the sake of completeness, let us mention the ex-
pression of Noether potential in the Jordan frame when
one consider the Lagrangian L instead of L′ and it can
be depicted as,
Jab =
1
16pi
[
φ(∇aξb −∇bξa) + 2ξa(∇bφ)− 2ξb(∇aφ)
]
.
(18)
The above relation in (18) is usually given as the Noether
potential in the literature [19, 32]. However, the Noether
potential in (18), cannot be expressed as proportional to
the Noether potential in the Einstein frame. On the other
hand, we subsequently show that, the expression of the
Noether potential, as given in (17), can be written as pro-
portional to the Noether potential in the Einstein frame,
which imply conformal invariance of the thermodynamic
quantities in these two frames. Let us now follow the
Noether prescription in the Einstein frame.
B. Einstein frame quantities
Applying the variational principle on the action men-
tioned in Eq. (4), we obtain
δ(
√
−g˜L˜) =
√
−g˜E˜abδg˜ab +
√
−g˜E˜(φ˜)δφ˜
+
√
−g˜∇˜aΘ˜a(q˜, δq˜) , (19)
5where q˜ ∈ {g˜ab, φ˜} and
E˜ab =
G˜ab
16pi
− 1
2
∇˜aφ˜∇˜bφ˜+ 1
4
g˜ab∇˜iφ˜∇˜iφ˜
+
1
2
g˜abU(φ˜) ;
E˜(φ˜) = ∇˜a∇˜aφ˜−
dU
dφ˜
;
and
Θ˜a(q˜, δq˜) =
δv˜a
16pi
− (∇˜aφ˜)δφ˜ . (20)
As in the earlier case, here G˜ab is the Einstein tensor in
this frame and
δv˜a = 2p˜ibad∇˜bδg˜id;
p˜iabd = (1/2)[g˜ibg˜ad − g˜idg˜ab] . (21)
Proceeding similarly as in the Jordan frame analysis, here
also we work under the off-shell condition and in order to
define off-shell conserved quantities one needs a Bianchi-
type identity in the Einstein frame. From (20), it is
straightforward to show that a similar expression as in
the Jordan frame [i.e(12)] can be obtained as follows,
∇˜bE˜ab = −1
2
(∇˜aφ˜)
[
˜φ˜− dU
dφ˜
]
= −1
2
(∇˜aφ˜)E˜φ . (22)
Like the Jordan frame analysis, here we use the above
equation to derive the off-shell Noether current and
Noether potential in the Einstein frame. We refer our
reader to the earlier mathematical analysis as done in the
Jordan frame and Appendix(B) in order to get a detail
calculations of the Noether current and Noether poten-
tial in Einstein frame. Hence, here we summarise our
result for Noether current and potential as,
J˜a = L˜ξ˜a + 2E˜abξ˜b − Θ˜a(q˜,£ξ q˜) . (23)
and,
J˜ab =
1
16pi
[∇˜aξ˜b − ∇˜bξ˜a] . (24)
Thus, we obtain the conserved off-shell Noether current
and the Noether potential in the two frames.
Now, we adopt the Wald’s formalism to established
the first law of the black hole thermodynamics in the
two frames by using the above derived quantities, in the
following section. We shall define all the thermodynamic
quantities and show the explicit conformal invariance of
these quantities in the two frames in the background of
the scalar-tensor theory.
IV. THERMODYNAMIC QUANTITIES BY
IYER-WALD FORMALISM AND THEIR
CONFORMAL INVARIANCE
A. Jordan frame
The expression of the Noether current and the Noether
potential in the Jordan frame are given in (16) and (17).
According to the Wald’s formalism we shall use the on-
shell condition which is given by, Eab = 0. Let us now
take the variation of the metric tensor and the scalar
field which leaves the diffeomorphism vector ξa invariant
(remember, δξa 6= 0 in general as δgab 6= 0) and therefore
the change in the conserved on-shell Noether current with
respect to the variation of the fields becomes,
δ(
√−gJ ′a) = δ(√−gL′)ξa − δ[√−gΘ′a(q,£ξq)] . (25)
Using Eq. (7), we get the variation of the Noether current
in terms of the boundary term Θ′a, which is given as
δ(
√−gJ ′a) = √−g[∇iΘ′i(q, δq)]ξa − δ[
√−gΘ′a(q,£ξq)] .
(26)
We shall see that this variation of the Noether current
can be written in terms of the symplectic Hamiltonian
density by using an identity which one can straightfor-
wardly obtain:
£ξ[
√−gΘ′a(q, δq)] = √−gξa∇i[Θ′i(q, δq)]
−2√−g∇b[ξ[aΘ′b](q, δq)] , (27)
where A[aBb] = (1/2)(AaBb − AbBa). Using the above
identity in (26), we obtain
δ(
√−gJ ′a) = £ξ[
√−gΘ′a(q, δq)]− δ[√−gΘ′a(q,£ξq)]
+2
√−g∇b[ξ[aΘ′b](q, δq)] .
(28)
Now define:
ωa = −£ξ[
√−gΘ′a(q, δq)] + δ[√−gΘ′a(q,£ξq)] . (29)
The significance of ωa will be explained in a few steps
later. With this definition of ωa, one can obtain from
(28),
ωa = −δ(√−gJ ′a) + 2√−g∇b[ξ[aΘ′b](q, δq)]. (30)
Let us now discuss the significance of ωa. For a classi-
cal system we write, δL(xi, x˙i) = [(
∂L
∂xi
) − dt( ∂L∂x˙i )]δxi +
dt[p
iδxi] where, xi is the generalized coordinate and
pi = ∂L
∂x˙i
is the generalized momentum. The equation of
motion vanishes on-shell and, the variation of the Hamil-
tonian due to the arbitrary variation of the the coordi-
nates xi is given as
δH(xi, p
i) = δ[pi(dtxi)]− dt[pi(δxi)] . (31)
6By comparing (29) and (31), one can identify that ωa
as the variation of the symplectic Hamiltonian density
where the boundary terms in both the equations are
equivalent to each other as,
√−gΘ′a(q, δq) ≡ pi(δxi) and√−gΘ′a(q,£ξq) ≡ pi(dtxi).
Thus, with this above identification, the total varia-
tion of the Hamiltonian can be written as (using the Eq.
(30)),
δH [ξ] =
∫
c
dΣa
ωa√−g
= −δ
∫
c
dΣa∇b(J ′ab) + 2
∫
c
dΣa∇b[ξ[aΘ′b](q, δq)] ,
(32)
where, the integration is done on Cauchy hypersurface
which we symbolize as c. dΣa = na
√
hd3x is the ele-
mental surface area of the three-dimensional Cauchy hy-
persurface, with na being the normal and h being the
determinant of the induced metric of the surface. Apply-
ing the Stoke’s law in the above equation we can reduce
the 3-surface integral of above (32) to a 2-surface integral.
We consider ξa is a Killing vector and the outer surface
lies at assymptotic infinity (i.e ∂c∞). The inner surface
of c is taken as a bifurcation surface i.e H which also can
be depicted as the horizon of the black hole. This implies
ξa = 0 at H. Thus, from (32) we obtain,
δH [ξ] = −1
2
δ
∫
H
dΣabJ
′ab +
1
2
δ
∫
∂c∞
dΣabJ
′ab
−
∫
∂c∞
dΣabξ
[aΘ′b](q, δq) . (33)
As ξa = 0, no contribution comes from the term
ξ[aΘ′b](q, δq) on H. Moreover, as ξa is a Killing vector,
δH [ξ] = 0. By following the Wald’s prescription [36],
the first term on the RHS of (33), yields − κ2pi δS with κ
being the surface gravity and, the other terms result in
δM − ΩHδJ (for a more rigorous discussions see [36]).
Here, we define the entropy (S), the mass of the black
hole (M), and the angular momentum (J) as,
δS =
pi
κ
δ
∫
H
dΣabJ
′ab ;
δM =
1
2
∫
∂c∞
[δ(dΣabJ
′ab)− 2dΣabξ[aΘ′b](q, δq)]
∣∣∣
ξ=ξ(t)
;
δJ = −1
2
∫
∂c∞
[δ(dΣabJ
′ab)− 2dΣabξ[aΘ′b](q, δq)]
∣∣∣
ξ=ξ(φ)
.
(34)
So, finally from (33), we obtain
δM = TδS +ΩHδJ , (35)
where we use temperature T = κ/(2pi) in the above equa-
tion. We comment that eq. (35) is the desired form of
first law of the black hole thermodynamics in the Jor-
dan frame with the Lagrangian L′. Instead of L′, if one
consider the Lagrangian as L in the Jordan frame, the
expression of the entropy, mass and the angular momen-
tum of the black hole can be obtained by replacing J ′ab
with Jab and Θ′b(q, δq) with Θb(q, δq) in (34). Let us
now approach toward the Einstein frame and find out
the thermodynamic quantities in that frame.
B. Einstein frame
Proceeding similarly as the analysis of the first law of
thermodynamics in the Jordan frame in previous subsec-
tion, it takes hardly any computation to affirm that in
the Einstein frame we get the first law of the black hole
mechanics as δM˜ = T˜ δS˜+Ω˜HδJ˜ and, the corresponding
thermodynamic quantities are defined as
δS˜ =
pi
κ˜
δ
∫
H
dΣ˜abJ˜
ab ;
δM˜ =
1
2
∫
∂c∞
[δ(dΣ˜abJ˜
ab)− 2dΣ˜abξ˜[aΘ˜b](q˜, δq˜)]
∣∣∣
ξ˜=ξ˜(t)
;
δJ˜ = −1
2
∫
∂c∞
[δ(dΣ˜abJ˜
ab)− 2dΣ˜abξ˜[aΘ˜b](q˜, δq˜)]
∣∣∣
ξ˜=ξ˜(φ)
.
(36)
Let us now compare the thermodynamic quantities ob-
tained in the two frames.
C. Comparison of the thermodynamic quantities:
We consider the Killing vector in the Einstein frame
(ξ˜a) is same as in the Jordan frame i.e., ξ˜a = ξa. The
justification of taking the Killing vectors ξ˜a = ξa can
be found in [32]. The idea is the following. If ξa is a
Killing vector in Jordan frame, then it must be a con-
formal Killing vector in Einstein frame (see [20] for a
discussion on this under conformal transformation). Re-
member that here we are discussing the whole thermo-
dynamics in presence of Killing vector in both frames.
Therefore ξ˜a = ξa to be Killing one, we need to im-
pose the condition that the conformal factor must be Lie
transported along ξa; i.e. £ξΩ
2 = 0. Earlier the authors
in [19] have addressed this issue by assuming the above
condition and shown that the thermodynamic quantities
are equivalent in these two frames under the condition of
spacetime to be asymptotically flat.
As ξ˜a = ξa, we obtain ξ˜a = φξa and, the relation
between the complimentary null vectors in the two frames
are given as la = l˜a. Thus,
dΣ˜ab =
√
σ˜(ξ˜a l˜b − ξ˜b l˜a)d2x = φ2dΣab , (37)
where σ and σ˜ = φ2σ are the determinant of the in-
duced metric of the two-surface in the Jordan and Ein-
stein frames respectively. Therefore using the above re-
lation, it can be easily seen that, (see the appendix C for
7detail discussion)
J˜ab =
J ′ab
φ2
. (38)
In the appendix C, we also show that,
Θ˜a =
Θ′a
φ2
. (39)
Using the above relations, it can be seen that S˜ = S, M˜ =
M and J˜ = J in these two frames. We comment that
the equivalence of the angular velocity and the surface
gravity (or the temperature) in these two frames can be
shown by following the procedure as described in [19].
We want to emphasize on the fact that Jab and Θa in
the Jordan frame (when one takes the Lagrangian as L
instead of L′), cannot be written as proportional to the
corresponding quantities in the Einstein frame. There-
fore, one cannot establish the exact equivalence of the
thermodynamic quantities between the Jordan and the
Einstein frame, by considering the Lagrangian L in the
Jordan frame. Whereas, in our case, we show the con-
served Noether potentials of the two frames are propor-
tional to each other with the proportionality factor as φ2.
This implies, in our case, the conserved Noether charge
is the same in two frames. We want to further empha-
size that in the work of Koga and Maeda [19], assuming
the spacetime to be asymptotically flat, the equivalence
of the thermodynamic quantities in the two frames have
been established by following the Wald’s formalism. On
the contrary in our work, by considering a more gener-
alised Lagrangian L′, we establish the exact equivalence
of thermodynamic parameters without making any as-
sumption or imposing boundary conditions. Therefore,
in this regard our analysis is more general and implying
a crucial fact that in order to explore the thermodynamic
equivalence in the two frames, one needs to consider the
Lagrangian as L′ in the Jordan frame instead of L.
D. Connection of the derived mass with the
Brown-York mass term
Above, we have defined the masses in the two frames
which are conformally invariant and are compatible with
the first law. In literature, there are several prescrip-
tion of defining the mass but, most of them are not con-
formally invariant. The only candidate, which is con-
formally invariant in the literature, is the Brown-York
(BY) mass [39] (also see [40] which discusses that the
BY mass is conformally invariant but, the BY energy is
not). Therefore, we investigate whether the derived ex-
pressions of mass in (34) and (36) are the same as the
BY mass. Here, we do the analysis in the Einstein frame
for simplicity. From the transformation relations of the
quantities, the same conclusion can be drawn in the Jor-
dan frame as well.
We consider 2-dimensional null-hypersurface charac-
terised by the induced metric σ˜ab = g˜ab − n˜an˜b + u˜au˜b,
where u˜a and n˜a are the timelike and spacelike normals
respectively. From the above expression of δM˜ in (20)
we obtain,
δM˜ = δM˜BY − 1
8pi
∫
d2x˜δ(
√
h˜K˜(3))
+
∫
d2x˜[
√
h˜n˜aΘ˜
a(q˜, δq˜)] , (40)
where, M˜BY =
1
8pi
∫
d2x˜N˜
√
σ˜k˜(2) is the expression for
BY mass with N˜ being the lapse function and k˜(2) being
the trace of the extrinsic curvature tensor of the null
surface and K˜(3) = ∇˜an˜a is the trace of the extrinsic
curvature tensor of the induced 3-surface characterised by
the induced metric h˜ab = g˜ab− n˜an˜b. The above relation
(40) shows the explicit connection of our derived mass
with the BY mass. The above relation can be further
modified using eq. (12.104) of [37], which is given as
δM˜ = δM˜BY − 1
16pi
∫
d2x˜
√
h˜
[(
K˜
(3)
ab − K˜(3)h˜ab
)
δh˜ab
−D˜iU˜ i + n˜a(∇˜aφ˜)δφ˜
]
.
(41)
Here, D˜i denotes the covariant derivative operator in the
three-space h˜ab and U˜
i = 2n˜jh˜
i
kδg˜
jk − n˜ih˜jk g˜jk. This
shows that our mass is connected with the BY mass with
some additive terms.
E. Entropy increase theorem and the modified null
energy condition in Jordan frame
We analyse the entropy increase theorem in the back-
ground of this framework in order to get a complete pic-
ture of thermodynamic description of the scalar-tensor
theory. Usually in GR the entropy increase theorem is
established by assuming the null energy condition. But,
we do not know what would be the null energy condi-
tion in the Jordan frame. Hence, one has to search for a
similar energy condition which is different from the usual
null energy condition. Here we show an interesting fact
that the obtained similar energy condition in the Jor-
dan frame, is proportional to the null energy condition
as defined in the Einstein frame.
In this context a similar work has been done in [41],
where the authors have interpreted the term at the right
hand side (RHS) of the eq.(5) of [41] as the stress-energy
tensor of the scalar field φ. But, we have not adopted
that approach in our analysis. In our work, using Eab = 0
from (8), we obtain,
Gab = − ω
2φ2
∇iφ∇iφgab + ω
φ2
∇aφ∇bφ− V
2φ
gab
+
1
φ
∇a∇bφ− 1
φ
∇i∇iφgab . (42)
8From the above equation we cannot identify the RHS
as the energy-momentum (EM) tensor of the scalar field
φ in the Jordan frame as this is not compatible with
the usual definition of the EM tensor (given as Tab =
2√−g
δLmatter
δgab
). Thus, in this section, we try to provide a
justifiable way to obtain the increase in the entropy by
using the modified energy condition.
From (42), we calculate Rabl
alb (with la being a null
vector), which is given as,
Rabl
alb =
ω
φ2
(la∇aφ)2 + 1
φ
lalb∇a∇bφ . (43)
The first term is a positive definite for ω > 0. Thus we
write
Rabl
alb − 1
φ
lalb∇a∇bφ ≥ 0 . (44)
The expression of the entropy in the Jordan frame is given
in (34) and using this equation our explicit calculation
shows that the entropy can be written as S = A/4, where
A =
∫
H
√
σφd2x . (45)
The above expression of the entropy matches to the
Kang’s prescription in [21]. Let us now find out the
change in entropy along a null geodesic congruence.
Hence, we calculate
dA
dλ
=
∫
H
√
σφd2xθ′ . (46)
Here, λ parametrizes the null-congruence and θ′ = θ(l) +
1
φ
dφ
dλ
, where θ(l) = 1√
σ
d
√
σ
dλ
is the expansion parameter
along the null vector la. We intend to establish in the
following analysis that dS
dλ
≥ always, by showing Θ′ ≥ 0.
dθ′
dλ
=
dθ(l)
dλ
− 1
φ2
(la∇aφ)2 + 1
φ
lalb(∇a∇bφ) ,
= −1
2
θ2 − σ2 −Rablalb − 1
φ2
(la∇aφ)2 + 1
φ
lalb(∇a∇bφ) .
(47)
The last expression is obtained using null Raychaud-
huri equation where the null vector la is an orthogonal-
hypersurface. Using (44) we obtain dθ
′
dλ
≤ 0 . Therefore,
the prohibition of caustics demands that θ′ ≥ 0. Thus
the entropy increase theorem is established in this frame.
We now discuss that what is the significance of the
condition in (44). Although (44) is an identity in the
Jordan frame, here we urge to prove that it corresponds
to the null energy condition in the Einstein frame.
In the Einstein frame,
G˜ab
16pi
=
1
2
∇˜aφ˜∇˜bφ˜− 1
4
g˜ab∇˜iφ˜∇˜iφ˜− 1
2
g˜abU(φ˜) . (48)
The right hand side of the above equation can be identi-
fied as the stress-energy tensor (
T˜
(φ˜)
ab
2 ) of the scalar field
φ˜. Thus we obtain
T˜
(φ˜)
ab l
alb = (l˜a∇˜aφ˜)2 ≥ 0 . (49)
The above equation (49) is the null energy condition in
the Einstein frame. Due to the conformal transformation
we obtain,
T˜
(φ˜)
ab l
alb =
1
φ2ω
(2ω + 3
16pi
)[
Rabl
alb − 1
φ
lalb∇a∇bφ
]
.
(50)
Thus, we can conclude that the energy condition in the
Jordan frame (44) corresponds to the null energy condi-
tion in the Einstein frame.
V. OFF-SHELL ADT POTENTIAL
The identification of the conserved charges in GR has
always been an important task for decades. There are
several methods of defining the conserved charges, each
with some advantages and disadvantages in its way. The
ADM formalism [42] of computing the total conserved
charge due to the Killing vectors has enjoyed the central
attention, which holds good for the asymptotically flat
spacetime. However, for the asymptotically non-flat or
AdS spacetime, this approach fails.
For the asymptotically AdS solutions, a covariant
method was developed by Abbott and Deser [43] to
compute the conserved Killing charges asymptotically.
This method was later extended by Deser and Tekin for
the higher order gravity theories [44–46] which popu-
larly known as the Abbott-Deser-Tekin (ADT) formal-
ism. Here, we extend the ADT formalism in the scalar-
tensor theory which is absent in literature. Moreover,
we show the explicit connection between the off-shell
Noether potential and the ADT potential and address
the issue of invariance of the ADT potentials in these
two frames.
For a Killing vector ξa, one can write,
J iADT |on−shell = δEijξj , (51)
which indeed is a conserved quantity under the on-shell
condition. Here, δEij is the linearized tensor (first or-
der change in the Equation of motion of the metric ten-
sor due to gab → gab + δgab). The conservation of the
J iADT follows from the fact that ∇bδEab = 0 on-shell (us-
ing eq (12)) and the property of the Killing vector (i.e.
δEab∇aξb = 0). This conserved current we call as the
ADT current. In the similar manner, the conserved on-
shell ADT current in the Einstein frame can be written
as, J˜ iADT |on−shell = δE˜ij ξ˜j . At this stage, we urge to de-
rive the off-shell ADT currents in order to make a more
general and robust analysis. Hence, we define the off-
shell ADT currents in each frame and follow the similar
method as done in Einstein’s gravity case [47].
9A. Jordan frame
We obtain that off-shell δEijξj can be written as an
anti-symmetric total derivative term added with some
extra terms, where each of the extra terms is proportional
to the Eab i.e.,
δEijξj = ∇jJ ijADT − Eikhkjξj +
1
2
ξiEjkhjk − 1
2
ξjEijh ,
(52)
where
J ijADT =
1
32pi
[
φ
(
ξj∇khki − ξi∇khkj + ξk∇ihkj
−ξk∇jhki + ξi(∇jh)− ξj(∇ih) + hjk∇kξi − hik∇kξj
+h∇[iξj]
)
+ (∇kφ)
(
ξjhik − ξihjk
)]
. (53)
and hab = δgab or equivalently h
ab = −δgab. Identifying
J iADT = ∇jJ ijADT in eq.(52), we obtain
J iADT |off−shell = δEijξj + Eikhkjξj −
1
2
ξiEjkhjk
+
1
2
ξjEijh . (54)
We refer our readers to the appendix D for the detail
derivation.
As J ijADT is an anti-symmetric tensor, ∇iJ iADT = 0
even in the off-shell which imply that the off-shell ADT
current is also a conserved quantity.
We now find out the conserved ADT current and po-
tential in the Einstein frame in the following section.
B. Einstein frame
As similar to the Jordan frame, off-shell δE˜ij ξ˜j can be
written as,
δE˜ij ξ˜j = ∇˜j J˜ ijADT − E˜ikh˜kj ξ˜j +
1
2
ξ˜iE˜jkh˜jk − 1
2
ξ˜jE˜ij h˜ ,
(55)
where
J˜ ijADT =
1
32pi
[
ξ˜j∇˜kh˜ki − ξ˜i∇˜kh˜kj + ξ˜k∇˜ih˜kj − ξ˜k∇˜j h˜ki
+ξ˜i(∇˜j h˜)− ξ˜j(∇˜ih˜) + h˜jk∇˜k ξ˜i − h˜ik∇˜k ξ˜j + h˜∇˜[iξ˜j]
]
,
(56)
and h˜ab = δg˜ab, h˜
ab = −δg˜ab. Therefore following the
same analogy as in Jordan frame, one can define the off-
shell ADT current in the Einstein frame as,
J˜ iADT |off−shell = δE˜ij ξ˜j + E˜ikh˜kj ξ˜j −
1
2
ξ˜iE˜jkh˜jk
+
1
2
ξ˜jE˜ij h˜ . (57)
We refer the appendix E for the detail derivation of the
above equation (56). Following the earlier arguments,
we comment that also in the Einstein frame the off-shell
ADT current i.e J˜ iADT is a conserved quantity.
VI. CONNECTION BETWEEN CONSERVED
OFF-SHELL ADT AND NOETHER POTENTIALS
Here, we urge to study the connection between the off-
shell ADT potential and the Noether potential. For the
Einstein’s gravity, this connection has been studied in
literature [48]. The equation (54) can be written as, (we
drop the the subscript “off-shell” onward because all the
further calculations are done off-shell)
√−gJ iADT = δ(
√−gEijξj)− 1
2
√−gξiEjkhjk . (58)
The above relation follows from the fact that δξi = 0
and δφ = 0 as we consider only the change due to gab →
gab + hab. By varying the Noether current in Jordan
frame i.e eq.(16), under the change in the metric tensor,
we obtain
δ(
√−gJ ′i) = 2δ(√−gEijξj)−
√−gξiEjkhjk
+
√−gξi∇b[Θ′b(q, δq)] − δ[
√−gΘ′i(q,£ξq)] . (59)
Using the equation (58), the above equation reduces to:
δ(
√−gJ ′i) = 2√−gJ iADT +
√−gξi∇b[Θ′b(q, δq)]
−δ[√−gΘ′i(q,£ξq)] . (60)
As ξa is the Killing vector, in the above expression, there-
fore we use δ[
√−gΘ′i(q,£ξq)] = £ξ[√−gΘ′i(q, δq)] (
which follows from the fact that ωa = 0 in (29)). Using
this relation in the above equation, it is straightforward
to obtain
√−gJ ijADT =
1
2
δ(
√−gJ ′ij)−√−gξ[iΘ′j](q, δq) . (61)
In the Einstein frame, by following the similar steps one
finally obtains,
√
−g˜J˜ ijADT =
1
2
δ(
√
−g˜J˜ ij)−
√
−g˜ξ˜[iΘ˜j](q˜, δq˜) . (62)
The above equations (61) and (62) show the explicit con-
nections between the ADT and the Noether conserved
quantities in the two frames.
Now we intend to show that how the ADT potentials
are conformally connected in the two frames. Using (38)
and (39) in the equations (61) and (62), it can be easily
shown that,
J˜ ijADT =
J ijADT
φ2
. (63)
Thus our result is implying that the ADT potentials in
the two frames are conformally connected to each other
in the same manner as we obtain in the case of Noether
potentials. Thus, the conserved ADT charges are invari-
ant in the two frames. Such a prediction was given earlier
in [49].
Let us now conclude this section with the following
comments. In Komar’s method [50] of defining the mass
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and angular momentum at the asymptotic infinity by
using the conserved Noether current, there appears an
anomalous factor of 2 [51]. This anomaly can be tack-
led by the background subtraction method as described
in [51]. Later, Wald provided an elegant solution in this
context by considering the variation of the Noether cur-
rent (we implemented the similar analysis in the section
(IV)) and defined the mass and the angular momentum
in terms of the integrals containing the Noether current
along with the correction term (as in eq. (33)), which
resolves the anomalous 2.
Apart from the Wald’s formalism, the first law can
be established from the conserved ADT currents as well
[52]. One can see from (61) and (62), the ADT potential
consists of the Noether potential along with the same
extra correction term which appears in the Wald’s for-
malism (as in eq. (33)). The similar idea has also been
successfully adopted in other spacetime solutions like Lif-
shitz black holes [53]. Thus we emphasize that the both
way of establishing the first law are equivalent and, there-
fore these two methods can be implemented alternatively
according to one’s convenience. For the reasons stated
above, we do not include the explicit calculation of es-
tablishing the first law using the ADT formalism.
VII. CONCLUSIONS
It is widely known that the correspondence between
the thermodynamic quantities and the spacetime geome-
try is not confined only to the Einstein’s theory of general
relativity. Moreover, the recent experimental develop-
ments are strongly suggesting us that, in order to get a
complete understanding of general relativity, one should
move on to the studies of modified theories of gravity
and their implications in gravitational and cosmological
phenomena. The scalar-tensor theory is one of the most
popular among the alternative theories of gravity but the
underlying thermodynamic description of this theory is
not yet properly developed. Some of the ambiguities are
as follows: We have mentioned earlier that the scalar ten-
sor theory can be analysed in the Jordan frame and as
well as in the Einstein frame. Untill now there is no exact
covariant expression of energy which can fit across all the
thermodynamic aspects of the theory in these two frames.
Moreover in this connection, there are several conflicts
between the physicists regarding the description of ther-
modynamic quantities and their invariance in these two
frames.
In literature, the authors of [19] have shown that in
the background of an asymptotically flat spacetime, the
thermodynamic quantities are conformally equivalent in
these two frames in the scalar tensor theory. In our
previous work [32], we have shown that the thermody-
namic quantities must be conformally invariant but, in
that framework we could not provide the exact covari-
ant expression of the energy. However, there is another
standard mechanism in literature called ADT formalism,
which also can be used as a tool to understand the ther-
modynamic properties of spacetime geometry. We em-
phasize on this point that the critical study of thermo-
dynamic properties using the ADT formalism has not
been analysed yet in the background of the scalar-tensor
theory.
In this work, we intend to cast light on the above issues
and provide satisfactory answers to all these incongruities
in this theory. We start from the basic action level of the
scalar-tensor theory and show that the usual Lagrangian
in the two frames differ by a total derivative term due
to the conformal transformation. It is common in the
study of scalar-tensor theory, that most of the authors
does not carefully mention that the two Lagrangians in
Jordan frame and the Einstein frame are equivalent only
up to a total derivative term. Although a total derivative
term does not contribute to the dynamics of the system,
but one must contemplate deeply before one injudiciously
neglect that term in this theory while studying the ther-
modynamic aspects. In our present work, we show that
this surface term actually plays the crucial role to obtain
the conformal equivalence of the thermodynamic quan-
tities without imposing any assumptions and boundary
conditions.
In this work, the study of thermodynamic properties of
spacetime geometry is based on the concept of conserved
currents as obtained from the two different approaches
such as the Noether approach and the ADT approach.
All the conserved quantities are off-shell, which can be
used for a generic null surface and can play a significant
role in the context of the emergent gravity paradigm. At
first, we obtain the off-shell Noether current and poten-
tial in both the frames and, following the Wald’s for-
malism, we identify the thermodynamic quantities from
the conserved Noether current. Later, we show that the
identified thermodynamic quantities fit nicely in the first
law and the second law of black hole mechanics. Subse-
quently we obtain an important result in the background
of our theoretical framework that the thermodynamic pa-
rameters are conformally invariant in these two frames,
if one consider the φ term in the Lagrangian. Hence,
at this stage, we comment that to examine the confor-
mal invariance of the thermodynamic quantities in the
two frames in the background of the scalar-tensor the-
ory, one must not disregard the contributions from the
surface term. We also emphasize that following our pro-
cedure of ı.e the inclusion of φ term, one can avoid the
use of any boundary condition and assumption regarding
the nature of spacetime. Observing the above conclu-
sions in Noether prescription, we are keen to verify our
results using the ADT formalism in both the frames of
this theory. Therefore following the ADT mechanism, we
obtain the conserved ADT current and the correspond-
ing ADT potential in both the frames. Thereafter, we
establish the connection of the ADT current and poten-
tial to the Noether counterparts. Moreover, we discuss
the connection of the off-shell ADT currents with the off-
shell Noether current and Wald’s formalism. Our results
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strongly support that, implementing both of these stan-
dard formalism we find that the thermodynamic descrip-
tions and the thermodynamic quantities are invariant in
the two frames in the background of the scalar-tensor
theory. Our results suggest that these two approaches of
finding conserved quantities and describing the first law
of black hole thermodynamics are basically equivalent to
each other. We hope this work will be a significant one in
the thermodynamic description of the scalar-tensor the-
ory.
Finally, we mention that in usual thermodynamics
there are intensive quantities (such as temperature and
pressure etc.) which do not change by conformal scal-
ings, while there are extensive quantities (like energy)
which do change under scaling. Our present situation
is in contradiction with this usual understanding. This
issue can be understood in the following way. In black
hole thermodynamics, we cannot categorize the extensive
and the intensive variables like the usual thermodynamic
cases. For example, the entropy is an extensive variable
and also a function of all other extensive parameters in
the usual thermodynamics. But, in black hole mechan-
ics it is not an extensive variable as it is proportional
to the area of the black hole horizon. If the two black
holes are combined together, then Bekenstein-Hawking
area expression implies that the entropy of the combined
black hole is greater than the sum of the entropy of the
individual black holes. Moreover, the temperature and
pressure in the usual thermodynamic case are intensive
thermodynamic entities. But, in black hole thermody-
namics, those two quantities are scale dependent (for in-
stance, in the case of Schwarzschild black hole the Hawk-
ing temperature is inverse of mass of the black hole).
The principal of equivalence implies that the tempera-
ture is red-shifted or blue-shifted in the same manner as
of the frequency of the photons. Apart from these ob-
vious differences with the usual thermodynamics, there
are a few other facts (e.g. specific heat of Schwarzschild
black hole is negative) which clearly indicates that one
cannot classify the black hole thermodynamic entities as
the extensive or the intensive ones. Therefore, the usual
scaling argument cannot be applied here.
Appendix A: Derivation of the Eq. (17)
The expression of the of Θ′a(q,£ξq) can be obtained
from (8). Let us calculate term by term. At first we
obtain
2(∇bφ)P iabd£ξgid
= (∇dφ)[∇aξd +∇dξa]− 2(∇aφ)(∇iξi); (A1)
and
£ξv
a = 2P ibad∇b£ξgid = 2P iabd∇b£ξgid
= ∇b∇aξb +∇b∇bξa − 2∇a∇bξb . (A2)
Hence we obtain,
2(∇bφ)P iabd£ξgid − φ£ξva
= (∇bφ)(∇aξb) + φ∇b∇aξb − φξa
+(∇bφ)(∇bξa)− 2(∇aφ)(∇bξb)− 2φgacRkcξk,
(A3)
Here, we have used [∇b∇d]ξi = Rijbdξj to obtain the last
term. Now,
(∇bφ)(∇aξb) + φ∇b∇aξb − φξa = ∇b[φ(∇aξb −∇bξa)]
+(∇bφ)(∇bξa) ,
(A4)
and
2(∇bφ)(∇bξa)− 2(∇aφ)(∇bξb) = 2∇b[ξa(∇bφ)− ξb(∇aφ)]
+2ξb∇b∇aφ− 2ξaφ .
(A5)
Substituting the values of (A4) and (A5) in (A3), we
finally obtain
2(∇bφ)P iabd£ξgid − φ£ξva
= ∇b[φ(∇aξb −∇bξa) + 2ξa(∇bφ)− 2ξb(∇aφ)]
+2ξb∇b∇aφ− 2ξaφ− 2φgacRkcξk . (A6)
Moreover, a straightforward calculations give (the extra
contributions from the φ term)
3
2
gij£ξgij∂
aφ− 3gia∂bφ£ξgib + 3∂a(£ξφ)
= 3∇b[ξb∇aφ− ξa∇bφ] + 3ξaφ . (A7)
Thus we finally obtain
Θ′a(q,£ξq) =
1
16pi
[
−∇b
[∇a(φξb)−∇b(φξa)]
−2ω
φ
(∇aφ)ξb∇bφ− 2ξb∇b∇aφ− ξaφ+ 2φgacRkcξk
]
.
(A8)
Using (A8) and L′ from (6) in (16) yields
J ′a =
1
16pi
[[∇a(φξb)−∇b(φξa)]+ {(φR
−ω(φ)
φ
gab∇aφ∇bφ− V (φ))ξa + 2ω
φ
(∇aφ)ξb(∇bφ)
+2ξb∇b∇aφ− 2ξaφ− 2φgacRkcξk
}
+ 2Eabξb
]
.
(A9)
One can identify the second-bracketed term as a whole as
−2Eabξb (see the expression of Eab from (8)) and, hence,
the expression of J ′a is given by a total derivative of anti-
symmetric Noether potential, the expression of which has
been given in (17).
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Appendix B: Derivation of the Eqs. (23) and (24)
The exact expression of Θ˜a(q˜,£ξ˜ q˜) can be obtained
from (20). Straightforwardly, one can obtain
£ξv˜
a = ∇˜b∇˜aξ˜b + ∇˜b∇˜bξ˜a − 2∇˜a∇˜bξ˜b
= ∇˜b∇˜bξ˜a − ∇˜b∇˜aξ˜b + 2g˜acR˜kcξ˜k . (B1)
Thus, from (23) one can obtain
J˜a =
{( R˜
16pi
− 1
2
g˜ij∇˜iφ˜∇˜j φ˜− U(φ˜)
)
ξ˜a + (∇˜aφ˜)ξ˜b(∇˜bφ˜)
− 2
16pi
g˜acR˜kcξ˜
k
}
+
1
16pi
∇˜b[∇˜aξ˜b − ∇˜bξ˜a] + 2E˜abξ˜b . (B2)
The second-bracketed terms, as a whole, contribute as
−2E˜abξ˜b and, therefore, J˜a can be written as a total
derivative term as J˜a = ∇˜bJ˜ab. Thus the expression of
J˜ab will be of the form given in (24).
Appendix C: Derivation of the Eqs. (38) and (39)
Proving (38) is pretty straightforward.
J˜ab = g˜aig˜bj J˜ij = g˜
aig˜bj(∂aξ˜b − ∂bξ˜a)
=
gaigbj
φ2
[
∂a(φξb)− ∂b(φξa)
]
=
1
φ2
[
∇a(φξb)−∇b(φξa)
]
. (C1)
Thus, equation (38) is obtained.
The expression of Θ˜a is given in (20). Now, ∇˜b(δg˜id) =
(∂bφ)δgid+φ∇˜b(gid)− gidφ (∂bφ)δφ+gid∂b(δφ). Then using
Γ˜abc = Γ
a
bc +
1
2φ (δ
a
b ∂cφ + δ
a
c ∂bφ − gbc∂aφ) in ∇˜b(gid), it
requires a few steps to obtain (39).
Appendix D: Derivation of the Eq. (53)
For gab → gab + hab, the expression of δGijξj is given
as [47]
(δGij)ξj = ∇jF ij −Gikhkjξj + 1
2
ξiGjkhjk − 1
2
ξjGijh ,
(D1)
where, δGij denotes the linearization of the Einstein ten-
sor. Remember, here ξa is a Killing vector and
F ij =
1
2
[
ξj∇khki − ξi∇khkj + ξk∇ihkj − ξk∇jhki
+ξi(∇jh)− ξj(∇ih) + hkj∇kξi − hki∇kξj + h∇[iξj]
]
.
(D2)
Now, in this frame the expression of Eab has been given
in (8) . For gab → gab + hab
16pi(δEij)ξj = φ[(δG
ij)ξj ]− ω
2φ
hijgab(∂aφ)(∂bφ)ξj
− ω
2φ
ξihab(∂aφ)(∂bφ) +
ω
φ
hjbgai(∂aφ)(∂bφ)ξj − V
2
hijξj
+hiaξb(∇a∇bφ) + giahjbξj(∇a∇bφ)− hijgabξj(∇a∇bφ)
−ξihab(∇a∇bφ)− giaξbδ(∇a∇bφ) + ξigabδ(∇a∇bφ) .
(D3)
Now, we express 16piEij = φGij + E¯ij where
E¯ij =
ω
2φ
gijgab(∂aφ)(∂bφ) − ω
φ
giagjb(∂aφ)(∂bφ)
+
V
2
gij − giagjb∇a∇bφ+ gijgab∇a∇bφ . (D4)
Then, using (D1) and (D3) we obtain
16pi(δEij)ξj = φ∇jF ij − 16piEikhkjξj + 16pi
2
ξiEjkhjk
−16pi
2
ξjEijh+ E¯
ikhkjξ
j − 1
2
ξiE¯jkhjk +
1
2
ξjE¯ijh
− ω
2φ
hijgab(∂aφ)(∂bφ)ξj − ω
2φ
ξihab(∂aφ)(∂bφ)
+
ω
φ
hjbgai(∂aφ)(∂bφ)ξj − V
2
hijξj + h
iaξb(∇a∇bφ)
+giahjbξj(∇a∇bφ)− hijgabξj(∇a∇bφ)− ξihab(∇a∇bφ)
−giaξbδ(∇a∇bφ) + ξigabδ(∇a∇bφ) . (D5)
Now,
E¯ikhkjξ
j − 1
2
ξiE¯jkhjk +
1
2
ξjE¯ijh =
ω
2φ
hijgab(∂aφ)(∂bφ)ξj
+
V
2
hijξj − giahjbξj(∇a∇bφ) + hijgabξj(∇a∇bφ)
−ω
φ
hjbgai(∂aφ)(∂bφ)ξj +
ω
2φ
ξihab(∂aφ)(∂bφ)
+
1
2
ξihab(∇a∇bφ)− 1
2
giaξbh(∇a∇bφ) .
(D6)
Substituting (D6) in (D5), we obtain
16pi(δEij)ξj = ∇j(φF ij)− F ij(∂jφ)− 16piEikhkjξj
+
16pi
2
ξiEjkhjk − 16pi
2
ξjEijh+ h
iaξb(∇a∇bφ)
−1
2
ξihab(∇a∇bφ)− giaξbδ(∇a∇bφ)
+ξigabδ(∇a∇bφ)− 1
2
giaξbh(∇a∇bφ) .
(D7)
Now,
δ(∇b∇aφ) = −δΓiab(∂iφ)
= −1
2
[
∇ahib +∇bhia −∇ihab
]
(∂iφ) . (D8)
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Using the above relation (D8) with (D2), one obtains
−F ij(∂jφ)− giaξbδ(∇a∇bφ) + ξigabδ(∇a∇bφ)
=
1
2
(∂jφ)
[
− ξi∇khjk − hjk(∇kξi) + hik(∇kξj)
−h∇[iξj] + ξk∇khij
]
=
1
2
∇j
[
(∂kφ)
(
ξjhik − ξihjk
)]
+
1
2
hjkξi∇k∇jφ
+
1
2
hik(∇kξj)(∇jφ) − 1
2
h(∇jφ)(∇iξj)− 1
2
hijξk∇k∇jφ .
(D9)
Substituting the above relation of (D9) in (D7), we ob-
tain
16pi(δEij)ξj = ∇j(φF ij) + 1
2
∇j
[
(∂kφ)
(
ξjhik − ξihjk
)]
−16piEikhkjξj + 16pi
2
ξiEjkhjk − 16pi
2
ξjEijh
+
1
2
{
hiaξb(∇a∇bφ)− giaξbh(∇a∇bφ) + hik(∇kξj)(∇jφ)
−h(∇jφ)(∇iξj)
}
. (D10)
Using the property of the Killing vector, the terms inside
the curly bracket vanish and, one obtains
(δEij)ξj = ∇jJ ijADT − Eikhkjξj
+
1
2
ξiEjkhjk − 1
2
ξjEijh , (D11)
where, the final expression of J ijADT is given in (53).
Appendix E: Derivation of the Eq. (56)
To prove (56), we shall follow the same procedure as
in the Jordan frame. Here, let us take E˜ij = G˜
ij
16pi +
¯˜Eij
with
¯˜Eij = −1
2
g˜aig˜bj(∂aφ˜)(∂bφ˜) +
1
4
g˜ij g˜ab(∂aφ˜)(∂bφ˜) +
1
2
g˜ijU .
(E1)
Therefore,
(δE˜ij)ξ˜j =
1
16pi
(δG˜ij)ξ˜j + (δ
¯˜Eij)ξ˜j
=
1
16pi
∇˜jF˜ ij − E˜ikh˜kj ξ˜j + 1
2
ξ˜iE˜jkh˜jk
−1
2
ξ˜jE˜ij h˜+
{
¯˜Eikh˜kj ξ˜
j − 1
2
ξ˜i ¯˜Ejkh˜jk +
1
2
ξ˜j ¯˜Eij h˜+ (δ
¯˜Eij)ξ˜j
}
.
(E2)
where, the expression of F˜ ij is similar to the expression
given in (D2) (only with tilde overhead). Detail calcu-
lations show that the terms inside the curly brackets in
(E2) vanish and, one finally obtains
(δE˜ij)ξ˜j = ∇˜j J˜ ijADT − E˜ikh˜kj ξ˜j +
1
2
ξ˜iE˜jkh˜jk − 1
2
ξ˜jE˜ij h˜ ,
(E3)
where, the final expression of J˜ ijADT is given in (56).
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